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Instructions :
(1) Attempt any five questions.
(2) Figures to the right indicate full marks of the question.

1 (a) Answer the following questions : 4
(1) Define Interior point.
(2) Define Dense set.

(3) If X=][0,2),d is discrete metric on X.
1) _
Then N(O,_j =

2

(4) Every metric space is pseudo metric space.

(True/False)

(b) Show that every singleton set in R is with usual metric = 2

is not open.

(c) Prove that union of arbitrary family of open set is open 3

in any metric space.
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(d) Let A and B be any two subsets of a metric space (X, d). 5§
Then prove that

(1) (AuB)=AUB'.
(i) A is open if and only if 4= 4°.

2 (a) Answer the following questions : 4
(1) Define Exterior point.
(2) Define Boundary point.
(3) If X =10.,2), d is usual metric on X.

Then N(O’lj =
2

(4) Every finite set in any discrete metric space is open.

(True/False)
|
(b) Prove that 3 Isin cantor set. 2
(c) Let (X, d) be a metric space. Then prove that every 3

distinct points in X have disjoint neighborhoods.

(d) Let (X.,d) be a metric space and d,: X xX — R be a 5

d(x.y)
function defined as @(x.y) =—————Vx.y€ X  Pprove
1+d(x,y)
that d, is metric on X.
3 (a) Answer the following questions : 4

(1) If P= {O%é,l} is a partition of [0,1] then find ||P||

is
(2) Every continuous function is integrable. (True/False)
(3) Define : Riemann integration.
(4) Define : Finner partition.
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(b) Find L(P.f) and U(P,f) for the function 2

113
f(x) = xzjx €[0.1] and P = {O, Z, 5, Z, 1} .
(c) If f€Ry,y then prove that f° e R.s- 3
(d) State and prove necessary and sufficient condition for a 5

bounded function on [a, b] to be R-integrable.

4 (a) Answer the following questions : 4

(1) If f(x)=x,xe[0,1] and P={O,%,l} then find
U(P,f).

(2) Define : Oscillation of f in [a, b].

(3) Define : Norm of a partition.

(4) Every monotonically decreasing function is integrable.
(True/False)

b b
(b) Prove that L Jdx < L Jdx; where f is real valued function 2

defined on [a,b].
(c) Show that a constant function f(x)=k is integrable and 3

b
also prove that j kdx =k(b—a).

(d) If f€R,s and g € R, ;. Then prove that f.g€R ;. 5
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5 (a) Answer the following questions : 4
(1) Define : Binary operation.
(2) State Second Mean Value Theorem {Weierstrass form}.

112 n
(3) Convert hm—{—+—+....+—} as definite integral.
xoepn| noon n

(4) Consider Z, under multiplication modulo 7 then find

order of 3.

(b) Prove that a group G is commutative if 4> =eVaeG. 2

(c) Show that the subset § = {g+ b5 la,b € Q,a® +b* =0} 3

of R is a group under usual multiplication of two real

numbers.
(d) For 0 < a < b, Prove that 5
2 2
. < J.: " X . dx < r
2b acos’>=+bsin’= 2a.
6 (a) Answer the following questions : 4

(1) State Second Mean Value Theorem {Bonnett's form}.
(2) Define General Linear Group.
(3) Define Semi Group.

(4) Consider Z;, under addition modulo 10 then find
order of 2 and 7.

(b) What is the primitive of f(x)=logx in [1,2] ? 2

(c) Show that set of all non-zero real numbers with 3

a
operation @*b =? is an abelian group.

(d) State and prove First Mean Value Theorem for integral 5

calculus.
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(b)

(c)

(d)

(b)

Answer the following questions :

(1)
(2)
3)
4)

Show that union of two subgroups need not be a subgroup.

Define : Center of a group.

All generators of Z, are prime numbers. (True/False)

Define : Even permutation.

Define : Left cosets.

Let G be an abelian group under multiplication with

identity e. Then show that H ={x*|xe G} is a

subgroup of G.

Each Permutation f €S, can be expressed as a

composition of disjoint cycles.

Answer the following questions :

(1)
(2)
3)

4)

Let

Define : Euler phi function.

Define : Index of a subgroup.

The symmetric group S;, has 10 elements.
(True/False)

Every cyclic group is abelian (True/False)

2 371 4 6 5

1 2 3 45 6 7
&= .

1 2 3 4 5 6 7
f= and

1 37 6 5 4 2

Compute 7' and g7'.

[\®]
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(c) Let H be a subgroup of G and let @ and b belong to G. 3
Then prove that aH = bH if and only if 47 'be H .

(d) State and prove Lagranges Theorem. 5

9 (a) Answer the following questions : 4

(1) An abelian group can't be isomorphic to a nonabelian
group. (True/False)

(2) Zz/nz is cyclic of order n. (True/False)
(3) Define : Normal subgroup.

(4) Detfine : Inner automorphism.

(b) Let ¢0:(G*)— (G'%") be an isomorphism. then prove 2

that ¢(a") =[¢(a)] ".VaeG.
(c) Prove that the relation = isomorphism is symmetric. 3

(d) Let (G,*) be a group and H is a subgroup of G. Then 5
prove that H is normal subgroup if and only if

(Ha)(Hb)= Hab,NVa.,b € G.

10 (a) Answer the following questions : 4

(1) A4, 1s a normal subgroup of §,. (True/False)

n

(2) Every one-to-one function between groups is an
isomorphism. (True/False)

(3) Define : Factor group.
(4) Define : Simple group.
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(b) Let 0:(G,*x)— (G.%") be an isomorphism. Then prove 2

that ¢(e) =e'; where e and e’ are identity element of

G and G' respectively.

(c) Let (G,x) be a group and H={a2 |ae G} is a subgroup 3
of G. Then prove that H is normal subgroup of G.

(d) State and prove Cayley's theorem. 5
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